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Abstract—This paper analyzes the performance of the
non-orthogonal multiple access (NOMA )-assisted integrated sens-
ing and communication (ISAC) system over Rician fading
channels. We consider a transceiver at the base station com-
municating with two downlink (DL) and uplink (UL) users
while simultaneously performing mono-static target sensing in the
presence of co-channel interferences. We investigate the commu-
nication performance of this system by analytically deriving the
closed-form expressions of outage probabilities of near and far
users in the DL and UL scenarios. Moreover, we utilize Jensen’s
inequality and first-order Taylor series approximation to obtain
the ergodic rates of the DL and UL communication users (CUs).
As a special case, we also derive closed-form expressions of the
ergodic rates in the presence and absence of a target for the
Rayleigh fading scenario. Furthermore, we analyze the perfor-
mance of target sensing by deriving the probability of detection
and false alarm. To ensure uniform quality-of-service to the near
and far CUs in the UL, we have designed a communication-
centric max-min power allocation optimization problem under
a radar service constraint. We analyze the performance of
the proposed system model in terms of outage probabilities,
ergodic rates, target detection probability, and receiver operating
characteristics under both Rayleigh and Rician fading scenarios,
considering the impact of interference between communication
and sensing functionalities. Moreover, we compare the obtained
results with those of the orthogonal multiple access (OMA)-based
scheme. All derived results have been validated through Monte-
Carlo simulations.

Index Terms— Communication-centric, ergodic rate, inte-
grated sensing and communication (ISAC), non-orthogonal
multiple access (NOMA), outage probability, Rician fading, target
detection.

I. INTRODUCTION

HE growing demand for the spectral hunger applications

of modern wireless communication networks has led to
frequency spectrum overcrowding and congestion problems
with conventional radar systems [1]. To overcome the pro-
fusion of connected devices and utilize the radio resources
efficiently, network providers seek opportunities to reuse spec-
trum allocated for radar due to the large portion of spectrum
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availability at radar frequencies [2]. Next-generation wireless
communication systems are expected to integrate communi-
cation and radar sensing into a unified framework, enabling
mutual enhancement between the two functions [3]. However,
due to the coexistence, the interference in the radar bands
increases at higher frequencies. Thus, two potential research
directions exist to achieve spectrum sharing, namely: i) sensing
communication coexistence (SCC) and ii) integrated sensing
and communication (ISAC). The communication and radar
systems in SCC coexist, separated in their location with
cross-interferences between them [4]. SCC aims to develop
efficient interference management techniques to facilitate the
operation of the two systems and share the same spectrum.
On the other hand, in ISAC, the sensing and communication
functionalities are combined within a unified framework. The
main objective of ISAC is to achieve smart connectivity of
everything, where wireless devices are integrated with the
ability to sense the environment, communicate with other
user devices, and satisfy the increasing demands for ubig-
uitous sensing and communication (S&C) [5]. S&C share
many similarities in terms of hardware, system architecture
to some extent, and signal processing algorithms [6]. There-
fore, without significant modifications to the existing wireless
infrastructures, ISAC can help equip communication networks
with sensing functionality, effectively reducing the size and
cost of transceivers.

The S&C waveform design and performance analysis of
ISAC employing orthogonal multiple access (OMA) tech-
niques have been extensively studied in [7], [8], [9] and the
references therein. However, the unified hardware design and
resource sharing in ISAC suffer from severe inter-functionality
interference, and thus achieving an effective performance
trade-off between S&C is challenging [10]. In contrast,
the non-orthogonal multiple access (NOMA) technique is
a potential candidate for efficiently alleviating this while
achieving integrated gain in terms of spectral efficiency with-
out compromising the sensing performance. NOMA employs
superposition coding at the transmitter while successive inter-
ference cancellation (SIC) is utilized at the receiver [11]
and provides extra spatial degrees of freedom (DoF), dis-
tinguishing multiple users in the power domain. One of the
prominent features of NOMA is its efficient interference man-
agement, which enables more effective spectrum utilization.
In addition, NOMA also reduces the transmission duration
compared to the time-division multiple access scheme, which
is beneficial for maintaining the freshness of information,
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especially in time-sensitive applications that are also crucial
for sensing functionality [12]. These advantages of NOMA,
including user fairness and flexible resource allocation, make
it well-suited for ISAC, enabling shared signal usage for both
communication and sensing applications such as internet-of-
things (IoT) devices, vehicle-to-everything, and environment
monitoring [13].

A. Related Works

A NOMA-assisted ISAC framework in the downlink (DL)
scenario was proposed in [14], which showed its superiority
over the conventional OMA scheme in achieving a better
communication-sensing performance trade-off. The perfor-
mance of the NOMA-aided ISAC system for the individual
uplink (UL) and DL scenario received much attention [15],
[16], [17], [18] by assuming a common waveform for both
sensing and communication functionalities. In contrast, the
work in [19] and the references therein utilized dedicated sens-
ing and communication signals to avoid sensing beampattern
distortion.

The works in [14], [17], [18], [19] have established a solid
foundation for analyzing the performance of NOMA-assisted
ISAC systems in DL scenarios, particularly in terms of the
outage and ergodic rate metrics. In [15], considering com-
munication users (CUs) and the target in a UL scenario, the
authors investigated the outage probability, ergodic capacity,
and sensing rate. The authors in [16] investigated the CUs’
performance in the UL scenario by considering semi-ISAC
networks, where a portion of the bandwidth is allocated for
sensing functionality while the remaining is dedicated for
communication. The works in [14], [15], [16], [17], [18], [19]
provided a comprehensive overview of NOMA-assisted ISAC
systems, focusing either on the DL or UL scenarios. However,
in practical applications, interference from UL devices to
DL devices is inevitable and causes co-channel interference.
To address this issue, [20], [21] investigated the outage proba-
bilities for CUs and examined the impact on target sensing
performance, considering the interference between UL and
DL transmissions in a Rayleigh fading environment. Further,
in [22], the authors investigated the ergodic rate analysis for
both UL and DL scenarios under a similar system and fading
environment. However, such a fading scenario is impractical
for sensing applications as it cannot capture the line-of-sight
(LoS) paths. Assuming a non-line-of-sight (NLoS) scenario
for sensing applications is a limiting factor, as it is imprac-
tical and generally, echoes from NLoS are considered as the
reflections from clutter. In some typical application scenarios,
such as massive machine-type communications or IoT, users
are low-cost sensors deployed in a small area where both LoS
and NLoS links exist, which can be practically modeled by
the Rician fading channel [23]. This channel model comprises
deterministic LoS and stochastic NLoS components describing
the practical multipath environment. To the best of the authors’
knowledge, the comprehensive performance analysis for both
communication and sensing metrics by considering UL and
DL CUs in the presence of a radar target employing the
NOMA transmission technique over the Rician fading channel
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is yet to be studied, which is the motivation behind this
work. Based on the aforementioned discussions, a compar-
ison between the existing works and our proposed work is
summarized in Table I.

The main contributions of this work are as follows:

(a) For CUs, we derive the analytical framework for the
closed-form expressions of the outage probabilities in the
DL and UL scenarios in the presence of target and co-
channel interferences. We then derive asymptotic expressions
for the outage probabilities in both DL and UL scenarios and
analyze their behavior. We further deduce the expressions for
a Rayleigh fading environment and obtain insights into the
performance of the NOMA-assisted ISAC system. Since we
consider the power domain NOMA, the effect of varying the
fractional power coefficients is also inferred.

(b) We derive the cumulative distribution function (CDF)
expressions of the CUs in both DL and UL scenar-
ios and observe that obtaining closed-form expressions for
their ergodic rates under Rician fading is mathematically
intractable. Therefore, we utilize Jensen’s inequality and a
first-order Taylor series approximation to obtain upper bounds
on the achievable rates of the DL and UL CUs. Furthermore,
we derive analytical closed-form expressions for the ergodic
rates in the DL scenario in the presence of a target and
interference under a Rayleigh fading channel. For the UL
case with Rayleigh faded channels, we derive the approximate
expressions using the Gauss-Laguerre quadrature [24] method
and numerically, we observe that the results obtained through
these expressions exactly match the simulation results.

(c) We derive analytical expressions for the detection and
false alarm probabilities to analyze the target sensing per-
formance and receiver operating characteristics (ROC) in the
presence of interference from UL CUs in the considered
system model. The area under the ROC curve (AUC) is utilized
to evaluate the detector performance, where a higher AUC
signifies better detection capability.

(d) Finally, we formulate a communication-centric design
framework to maximize the minimum achievable rate of the
CUs in the UL scenario. To this end, we consider a max-min
power allocation optimization problem that ensures fairness
and uniform quality-of-service among the CUs, subject to the
service constraint that the radar target’s signal-to-interference-
plus-noise ratio (SINR) remains above a given threshold.
We utilize Jain’s index to measure the tradeoff between the
sum rate and the fairness among the CUs.

B. Notations

We use E[] and Var(-) to denote the expectation and
variance operators, respectively. The probability density func-
tion (PDF) and CDF of a random variable (RV) R are
denoted by p,(r) and Fg(r), respectively. The proba-
bility of an event 2is represented as Pr(:). Qn(a,b) =
a’"%l boo ume— 5 I,,,—1(au) du is the generalized Marcum
Q@-function of order m with non-centrality parameter a, where
I,—1(+) denotes the modified Bessel function of the first
kind of order m — 1. The Gaussian @-function is denoted by

2
Q(u) = \/%7 [x e~z dt. The complementary error function
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TABLE I
COMPARISON OF EXISTING WORKS WITH THE PROPOSED NOMA-AIDED ISAC FRAMEWORK

Scenario Reference | Channel | OP | Ergodic rate | Resource allocation | Sensing metric
[14] X X v X
i [17] ; v v X v
Downlink [18] Rayleigh v v % v
[19 X X v v
. 15 . v v X v
Uplink 16 Rayleigh v v 9 <
. . [20 Rayleigh v X X v
Downlink & Uplink [22] Rayleigh % v 9 %
Our work Rician v v v v

hrr

Uplink ﬁ T Downlink
communication users Target communication users
........................... >
Downlink Uplink Echo Co-channel
interferences
Fig. 1. NOMA-empowered ISAC system in the presence of DL and UL
CUs.

is given by erfc(u) = 2Q(v/2u). LY(-) represents the gen-
eralized Laguerre polynomial of degree n and order ¢J. The
confluent hypergeometric function of the first kind is given by
1Fy (w0 w) = % fol eWttu=1(1 — t)v~u~1 dt, where
I(y) = [y t"te~'dt denotes the gamma function. The
natural logarithm is given by In, and the logarithmic function
with base 2 is denoted as log(-). The exponential integral

function is given as Ei(u) = [ < dt.

II. SYSTEM MODEL
A. Channel Model

A NOMA-empowered ISAC system in the presence of DL
and UL CUs, shown in Fig. 1, is considered, where a full-
duplex (FD) base station (BS) is equipped with a single
transmitting and receiving antenna. We consider two DL CUs
Dy and D5, where the channels from the BS to these users are
denoted by hy and hs, respectively, with h; ~ CN (u;, a%i),
i € {1,2}. Further, two UL CUs are assumed as U; and
U,, where the channels from these users to the BS are given
by g1 and go, respectively, g; ~ C/\/'(,uj,a(gjj), j € {1,2}.
We assume that all the CUs are equipped with a single antenna.
The NOMA transmission scheme is adopted for both the DL
and UL scenarios. Further, we assume a target is present in the
environment, the channel from BS to target and the channel
of reflected echo from target to BS is denoted as hg ~
CN(us,0%) and hy ~ CN(ur,0%), respectively. As the
BS is an FD transceiver, we denote the loop self-interference
channel by hr ;. The co-channel interferences from U; — D1,
Uy — Dy, Uy — Dsg, and Us — D5 are denoted by fi1,
fa1, f12 and fag, respectively, with fi; ~ CN (pij, 07;),%,j €
{1,2}. We have considered non-zero mean for all the channels

since they undergo Rician fading distribution [25]. In the DL
and UL scenarios, the near CUs are denoted by D; and Uy,
respectively, whereas the far CUs are denoted by D5y and Uy,
respectively. The channel variance is given by 2 = g(1 +
d?)~94, where g is a complex Gaussian RV with non-zero
mean and unit variance, with g € {h;, g;, hs, hr, fi;} and € €
{D1,D5,U1,Us, S, T,ij}, 1,5 € {1,2}; d. represents distance
between the nodes and v denotes the pathloss exponent.
We assume Y € {h;,g;,hs, hr, fij},4,5 € {1,2}; the PDF
of |Y'|? follows non-central chi-square distribution with 2 DoF
given by

1 s2+y 2s8\/y
P ) = Ty eXp( Var(Y)) 0 (Var(Y) RS
where s> = m? +m3, m; and my denote the means of

two independent Gaussian distributed RVs and the variance

is VarZ(Y) )

B. Signal Model

We employ the NOMA technique, utilizing the
superposition-coded information signal transmitted by
the BS to communicate with the DL near and far CUs
while simultaneously detecting the radar target, which is
given by © = vaPz; + /(1 —a)Pxy, where o and
1 — o are the fractional power allocation coefficients of
Dy and D, respectively, with o € (0,1) and =z, x5 are
the symbols transmitted with zero mean and unit variances.
The total available power at the BS is given by P. The
signals transmitted by the UL near and far CUs, U; and
U, are s; = +/Piy; and sy = /Pys, respectively, where
P, and P» represent their transmit powers, and 1, yo are the
symbols transmitted with zero mean and unit variances. The
DL received signal at D; can be written as

ri = (hi + Bp,)x + fris1 + faisa + 2, 2

where i € {1,2} and z; ~ CN(0,0?) is the additive white
Gaussian noise (AWGN) at the user D;. As a result of the
reflection of the transmitted signal by the BS via the target, the
sensing-to-CUs interference channels are denoted by 3p, and
Bp,, where 8p, ~ CN(0,(3), i = 1,2. In the UL scenario,
the BS receives information signals from U; and U, along
with the sensing echo from the target. Thus, the received signal
at the BS is given by

Ts = (91 + Bu,)s1 + (92 + Bu,)s2 + (nh + hor)z + 2,
3)
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where 2z ~ CN(0,0?) is the AWGN at the BS, 7 denotes the
scattering coefficient of the target, and h = hghyp represents
the effective channel from BS-target-BS. The reflection of the
signals transmitted by the UL CUs via the target result in the
interference channels, which are specified by [y, and Gp,,
where Sy, ~ CN(0,¢3,), i =1,2.

C. Signal-to-Interference-Plus-Noise Ratio

In the DL scenario, by applying the principle of NOMA,
the near-user D; first decodes x5. The SINR at D; to decode
To can be written as

(1 — Oé)|h1|2P
(alh|> +CB)P + [fu]2P1 + | fa1 |2 P2 + 027

“4)

Y2,D; =

Further, D; removes the symbol z5 by applying SIC and then
decodes its own symbol x1. Thus, the SINR at D; to decode
x1 is given by

Oé|h1|2p
(b, P+ ful?Pr+ [far|* Py + 0%

®)

Y1,D, =
The far user Dy only decodes x5, treating z; as interference.

Therefore, the SINR at D, to decode zo can be expressed as

(1 — a)|h2|2P
(alha|?> +Ch,) P + [ fr2l?P1 + [ f22? P2 + 02

(6)

Y2,D, =

In the UL scenario, the BS first decodes the symbol y; of near
user U;. The SINR at the BS due to U; can be written as
lg1]° Py
(192> +C2, ) Po+CEr, P+ (n? R[4 |hpr|?) P4o?
(7N

M,U, =

After successfully decoding y; (strong user symbol), the BS
subtracts it before decoding the far user’s signal y2. The SINR
at the BS due to Us can be obtained as

2|2 P
G, Py + (G, Po+ (n?|h)2 + [hpr|2)P 4 02

®)

V2,U; =

III. COMMUNICATION PERFORMANCE ANALYSIS

In this section, we derive the analytical framework for
the outage probability (OP) and the ergodic rate to eval-
vate the communication performance of the considered
NOMA-assisted ISAC system. The OP effectively captures the
impact of small-scale fading, receiver noise, and interference
on the received SINR in the given environment; hence, this
metric is used for determining link reliability. In contrast, the
ergodic rate quantifies the average achievable rate by consid-
ering all possible fading conditions of a wireless system [26].
This metric reflects the average data transmission rate over a
communication channel, which varies with received SINR and
is affected by interference and fading. Specifically, we obtain
the analytical expressions for these performance metrics for
the near and far CUs in the DL and UL scenarios.
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A. Outage Probability

1) Downlink Transmission: An outage event occurs at the
far user D5 if its symbol x5 cannot be successfully decoded.
Thus, the outage probability at Dy can be given as

Pp, = Pr(y2,p, < 722), 9

where 22 is the threshold SINR.
Theorem 1: The closed-form expression of the OP at the
far user D5 in a Rician fading channel is expressed as:

k o 82 0 k+1
DziL S (= 10
Z‘f et () () e

and C = ¢1 + ¢2 + ¢3 with

where = ya[(1 — o — aya2)p] ~*
= (pCh, + 1)*1,
= (k+1)(p¢h, +1)* [p1(s* + 013) + p2(s® + 03,)],
c3 = p1p2k(k +1)(pCh, + 1) (s* + 015)(s* + 03,). The
transmit signal- t0 noise rate (SNR) of BS, Uy, and U, are
denoted by p = 2 , p1 = 2 , and py = L2, respectively.

Proof: To prove Theorem 1, we solve Pr(727 Dy < Y22) =
1 —a)|hs)?
:Pr( > 5 ( a)| §| P - S’Y22)
(alha|? +Ch,)p + | fr2?p1 + | f22]?p2 + 1
2 2 2
+ + +1
Py (th < Y22(0Ch, + | fr2l*p1 + | f22]* p2 )) .
(11)

(1 —a(l+722))p
We know that |hs|? 2 and | f22|* follow non-central chi-
square distribution with 2 DoF. Thus, (11) can be written as

3 oo A
=/ p‘m‘z(w)/ plhzlz(v)/ P, (w) dudvdw, (12)
0 0 0

2
where A = vzz(/gffg&”j_);ﬁfj +1). By utilizing the CDF of

non-central chi-square distributed RV, we obtain

| @ [ @) 0= Qi)

where a = 252 and b =, /24,
. 7Dy . 7D, . .

in (13), we use infinite series expansion to make the integration
mathematically tractable. Specifically, we express Q1(a,b) as

an infinite series of Laguerre polynomial [27, (2.6)] as

_ oo o0 X 2 (—1)F
PDQZ/O plf22\2(w)/ Pigygpe (v Ze ’ k+2)

=0
o k+1
(3)(5)
2 2
By utilizing the binomial approximation in (15), as shown at
the bottom of the next page, and further solving the integrals
by applying [28, (2) and (7)], we obtain the final expression
as given in (10). Hence proved.

We employed an infinite series expansion to derive (10) and
verified its convergence. The convergence of (10) with the
numerical integration in (12) is observed for & > 30, thereby
confirming the accuracy of the derived expression. The chosen
infinite series expression is effective because it simplifies
complex integrals into an analytically tractable representation.
As observed from (10), the OP of D, is a function of the

13)

To solve the integrals

(14)
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interference caused by the radar echo and co-channel UL CUs,
where the OP saturates with the increase in £ and the transmit
power P. Further, we obtain the asymptotic OP expression for
the Do, as given by

2
pX _q g [V V27220, (16)
2 0D, (1 — a(l + ’722))O'D2

Special Case: On substituting s = 0 in (1), the PDFs of
|ha|? 2, and | fa2|? follow central chi-square distribution
with 2 DoF. Further, after solving the integrals in (12), the
closed-form expression of the OP at D, for a Rayleigh fading
channel can be obtained as

4 —0(pChH, +1)

Pp - 7Ds e b
(0%2 + P29052)(U%Q + p100,)

g —

A7)

The outage occurs at the near user if either of the symbols
1 Or xy is not successfully decoded at D1,
Pp, =1—Pr(y2,p, > 722: 71,0, > M11) 5 (13)

where 11 represents the threshold SINR.
Theorem 2: The closed-form expression of OP at the near
user D; for a Rician fading channel is expressed as
52 ) k

pj 2 X k+1
(’Dli of S \ 2~ 1
Ze et () () @ w

where X = max(f, y22(ap) ™) and C = ¢4 + ¢5 + cg.

with ¢4 (pCh, + DY es = (b + 1)(pCh, +
DF [p1(s® +0%1) + pa(s® +031)], and cg = pipak(k +
1)(pCh, +1)F1(s% + o) (52 + 0%).

Remark 1: An increase in the variance of sensing-to-DL
CU interference channel, C%i, where i € {1,2}, along with
higher UL transmit SNRs p; and py, results in stronger
interference at both the NU and FU, which, in turn, leads
to degradation in their outage performance.

Proof: To prove Theorem 2, we solve (18) by simplifying
the two linear inequalities as (i) y2,p, > Y22 =

_ (1—a)|[hl?p
(alh|2 4¢3 )p + [ f11?o1 + | far P2 + 1
Y22 (pCh, + [ f11Pp1 + | fa1 P2 + 1)

> Y22

=|hi|* > (20)
1o (1 —a(l+722))p
and (ii) Y1,D; > V11 =
_ alhiPp
pCh, + 1 fuil2o1 + [ fa12p2 + 1 e
+ [ fi1l2p1 + [ fa1]?p2 + 1
— 2 > 11(pSh, + 1 f11l’p1 + | f21p2 + 1) b

ap
Since 72, p, and 71 p, are dependent as evident from (18),
we reformulate the inequality in terms of the RV |hy|?

)
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as shown in (20) and (21), where |h1|?, | f11|?, and |f21]? fol-
low non-central chi-square distribution. Following a similar
approach to solve (12) as in the proof of Theorem 1,

we get (19). ]
The asymptotic OP for the user D; can be obtained as
= V2s 2G
Pp, =1-Q ( : : (22)
0D, OD,
722(12:)1 ’YllCZDI

where G = max{ }

Special Case: By substituting s = 0 in (1) and following the
similar approach as in (17), the exact OP at D; for a Rayleigh
fading channel can be obtained as

(I-a(l+7v22))’ o

X<k +D)
4 o%
1 op,¢ b1
1T T3 2 V(52 2y
(0D, + p2Xo03,)(0p, + p1Xoi)

Pp (23)

2) Uplink Transmission: The near user U is said to be in an
outage if y; is not successfully decoded at the BS. Therefore,
the outage probability of U; at the BS is given by

=Pr(y,o, < A1),

where Aj; represents the SINR threshold. Without loss of
generality, it is assumed that the transmitting and receiving
antennas of the BS are spatially separated; thus, the loop self-
interference (LSI) can be ignored.

Theorem 3: The OP of U, for a Rician channel is expressed
as shown in (25), as shown at the bottom of the next page,
where 0 = )‘111 and £ = PlCUl + poU2 + 1. The jth and lth
moment of the non-central chi-square distributed RV |go|? and
|h|2, respectively, with 2 DoF, denoted by V7 and W', are

given by 2 )
T s

BV =stehy e Tan (1in ) o)
Uz

Py, (24)

_s2 2
EW' =1l (0) e 51F (1 +1 1 Z) : 27)
0s

Proof: To prove Theorem 3, we solve Pr(yy y, < A1) =
‘91

=Pr <M\
<(|92|2+CU2),02+CU101 +n?|h[2p+1 )
A 2+ + +pn?|h|*+1
Py lelgg 11((lg2*+¢2, ) p2+p1CE, +pn? |1 )>.
1

‘ 2

(28)

In the UL case, the received signal at the BS also includes
the echo from the target. Thus, we need to determine the
PDF of the cascaded channel BS-target-BS h such that
|h|? = |hs|?|hr|?, where |hs|? (and |hr|?) follows a non-
central chi-square distribution Assuming channel reciprocity
|hs|?> = |hr|? and 0% = 02, the CDF of |h|? is defined as

Y22 (pCh, + 1)

(US;) (1 = a1+ y22))pop,

oo _s2 C1\k
=> e T F(kl)Q L
= (k+2)

( Yoz (wp1 + vp2)
(1 —a(l+72))pop,

k+1
) . (15)

/O°;|f222(w) /OozjlfW(v)
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Fip2(t) = Pr(|h|? < t). Further, Fj2(t) = Fip,2(V1), and
the PDF of |h|? can be obtained as
1 1 -2 foga
LOE (t) = T\/Ep\hsw (ﬂ) = 2\/20%6 s Ip E .
(29)

Therefore, (28) can be expressed as

oo oo B
= [ 2@ [ 0,000 [ 5, dudvan, G0

0 0
A (v+¢, )p2+p1C[2]1 +pn’w+1)

where B = . By expressing the
CDF of a non-central chi- square distributed RV in terms of a
Laguerre polynomial similar to (14) and applying binomial
theorem [29], the integrals in (30) can be solved using
[30, (247)] to obtain the final expression as given
in (25). |
Further, we derive the asymptotic expression for the OP of
user Uy, given as

Foo 1 9 82 82
=1—2€x — ex —
. P 012]2 b 012]1

V2s

XQl — Zl — 222310(24) y (31)
Vo, +ot,
/ 2 2 2
where Z; = ﬂs+a(:/102AI§zU2+<U1), Zy = (020% Z3 =
Uy Uy Uz Uy
exp ( XN ) and Z4 = 2o oy A11(<%2+<§1).
UUZ (UU2+J%11 (‘TU Jr"’U )

Special Case: By substituting s = 0 (Raylelgh fading)
in (29), |hg|? follows central chi-square distribution, thus, the
PDF becomes

1 -
——e
2\/%0%

Substituting the PDFs of |gi|?> and |g2|*> which follow
central-chi square distribution, and the PDF of |h|?, in (32)
into (30), and then solving the integrals by utilizing [29,

(3.322.2)], the closed-form expression for the OP of U; in
a Rayleigh fading channel can be obtained as

oS

Dya (£) = (32)

o2

Uy
2 U1 4n?2 p9<7
o 1/— e 2
_ 1 n2p0 1 20
Py, =1— — ——Q| 2—U~ . (33)
od(ot, + p2007;,) s\ n?p0
An outage event for the far user Uy occurs if the symbols

y1 or yo cannot be decoded successfully at the BS. The OP
of Us can be formulated as

Py, =1 —Pr(vi,u, > M1,72,0, > A22) s (34)

where Ao is the threshold SINR.
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Theorem 4: The closed-form expression for the OP of
U, for a Rician fading channel is obtained as

Py,=1—(F1— (F+F+Fi+Fs), (35)

where F;,i € {1,2,3,4,5} in (36)-(40), as shown at the
bottom of the next page. In these equations, E[WW'] denotes the
Ith moment of non-central chi-square distributed RV |h|? with
2 DoF.

Remark 2: The OP of the UL NU and FU depends on
the UL transmit SNRs, DL transmit power, target scattering
coefficient, and the variance of the interference channel corre-
sponding to the signal reflected by the UL CUs via the target,
where higher values of these parameters lead to a degradation
in outage performance.

Proof: To prove Theorem 4, we first substitute (7) and (8)
in (34), where (34) can now be re-written as

. 00 oo oo
PU2:1 _/ p‘h‘Q (w)/ p‘qu (’U)/ plql\Q
0 J B

A1 (04D, ) p2+p1 ¢, +pn w+1)

(u)dudvdw, (41)

where B = o and J =
%j%w). We can simplify (41) as
FUz = 17/ p‘h|2(w)/ p‘g2‘2(v) Ql(avb) dv dw,
0 J
I
(42)
where a=, /—3—s and b=, /2. By expressing Marcum Q-
U

U
function in terms of the Lagﬁerre polynomial as similarly
applied in (14), Z; becomes

42
o? 0o E 9 > —1)™
=t e (2 -y D
of, 7 of, ot (n1+2)

(43)

On solving Z; with the help of [28, (2) and (7)],
we obtain (44), as shown at the bottom of the next page, where

25, wp = /2B, and wy = 2YB. From (44),
UU 9U, 9U,
7, can then be expressed as

Iy =M — MQ[MS + M4{M5 + ./\/16}] .

w1 =

(45)

Upon substituting (45) into (42) and solving the integral with
the help of [25, (2.3.31)], [28, (2) and (7)], and [30, (2.47)],
we obtain (36)-(40), which are further substituted in (35) to
obtain the final expression of the OP of Us. |

oo k+1lk+1—j .2 k 9 ~ k+1
= - (—1) of s 0
Py, = oy~ O (2 ) =
Us Z . e D(k+2) " (012]1) (0'[2]1

Authorized licensed use limited to: INDIAN INSTITUTE OF TECHNOLOGY GUWAHATI. Downloaded on July 08,2026 at 10:32:48 UTC from IEEE Xplore. Restrictions apply.

k+1\ (k41—
j l

) J k=il (o) E[VIE[WY . (25)



AGRAWAL et al.: NOMA-ASSISTED ISAC SYSTEM: DOWNLINK AND UPLINK PERFORMANCE IN RICIAN FADING CHANNELS

Similar to U;, we derive the asymptotic expression for the
OP of far user Us, expressed as
2
s
—2exp ( )
UU2

Vas \/2022(CE, + )
—Z32310(24)

FZC;:Ql )

O'U2 O‘U2

52 V2s
X | exp <2>Q1 —— 2
o, A /02U1 + U[2J2
Special Case: The closed-form expression for the OP of

U, for Rayleigh fading channel can be obtained by setting
s =01n (35), as given by

. (46)

2 aUl 4‘D B

10

Py
os (UU + P290U2 )

2
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’\22 . The

OP expressions ¥0r both UL and DL users are derlved under
the impact of radar interference and inter-user interference.
Furthermore, in Section VI, through numerical results, we dis-
cuss and illustrate in detail the impact of these interferences
on the outage performance in UL and DL scenarios.

where k =

B. Ergodic Rate Analysis

In this subsection, we investigate another performance met-
ric of CUs in terms of the average achievable rate. We derive
the approximate expressions of the ergodic rate for the near
and far CUs in the DL and UL scenarios over Rician fading
channels using Jensen’s inequality and the first-order Taylor
series approximation [31], [32]. The ergodic rate is defined
as the average achievable rate, which is used to characterize
the performance of the user’s rate depending on the channel

= i e (82) ( v >n2+1 (€71 +n?pg" (ny + DE[W?)) (36)
=, F n2 + 2 na J[2J2 p20[2]2 np 2 ’
where E[W?] = 20% exp (7%) 1B (3; 1; ;—2) .
s s
Fy=Kigmtt + Kl(nl + D)pn? M E[W?] — Ko™ 2 — Ko™ (ny + ng + 2)n? pE[W?] (37)
- - 0 , \ ni+1 - (—1yna 7&;272 o , \ n3+1
fS — (nl + 1)/)2(52 + 0'12]2)IC1 {(fnl 4 n1n2p§n171E[W2]) o IC3 (£n1+n4+1 + £n1+n4 (nl +ny + 1)772/7E[W2])} ’ (38)
o : e
0o —1)" s A
where Ky = Yo e 2 I8, ("UQ) (”2;5) '
0o s 2ns5+1 )\22 n5+1§n1+n5+1 I )\22772p (n1+n5_~_1),02p (n1+nr+1)n4p2)\22
Fa=Ki), (2) () 1—( )E[WQ] - 5 ]E[W4]} 7
o\, p2 n5(ns+2) | \ pao, 3 p2éot;,
(39)

(nitnetl)
3

(ny +ne + 1)n*

]-'5:&2

00 s 2ng )\22 "6+1§n1+n6+1
- — ) oo \tt
s = \op, P2 (ne!)

—Aa2n’p
_ 22 E[WQ}_
P207,

2
P A”JE[W“]} . (40)

P26,

A28 2 52
s
where Iy = $paK1(n1 + 1) exp (—02”> [W4] = 4! a exp ( 52) F (5, 1; 2) .
s 0s

Uz

00 n _ 2 na+1 00 2 ni+1
ne- 3 T () (2) - Fopo (2] (Auturn))
'(ng +2) " \ag, ) \op, T(ni+2) + 2 "\ o, p1

(s +07,)Q1 (wr,w2) + VBe b (811 (ws) + VBI (LU3))

Ma

52+B

(44)

no=0
My
(n1 4 1)p2
Q1 (w1, wa) + ———5—~
— (+wn?p)
Ms T Ms
4
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conditions of the CUs. Thus, the ergodic rate of the user is
given by

R, =E[log(1+7)], (48)

where k € {D1,Ds,U;,Us} denotes the rate achieved by
the users and T € {71, p,,7V2.0,, V1,0, 72,0, } denotes the
corresponding SINRs as given in (5)-(8). The ergodic rate
in (48) can be simplified using [33, (16)] as
— *° 1 1 — Fy(r)
Ri.=/ log(1+ 7Y dr = — e
R
1) Downlink Transmission: The ergodic rate of transmis-
sion from the BS to the near user D; can be obtained by
substituting x = Dy and Y = ~y; p, in (48), where v p, is
given in (5). The CDF Fy(r) can be expressed as

Fy(r) = Pr[Y < 7] = Pr[y1,p, <7]
(¢, P+ [fu1lPPL + [ f21]* P2 + 0?)
aP

Therefore, Fy(r) in (50) can be written as

') [e's) u
Fe()=[ b, 00)[ 2,20 [, @ dudvdw, 1)
0 ’ 0 ’ 0

where U = r(P(} 4+ vPy +wPy 4+ 0%)(aP)~!. On solving
the integrals in (51) similar to the steps discussed in the proof
of Theorem 1, we get

e (k[ s? T e
Fr(r)=> e 1L ()( ) T. (52)
() Pt I'(k+2) *\o3, J\apo?,

where T = t; + ty + t3, with t; = (o}, + 1)k+L,

ta = (k+ 1)(pCh, +DF [p1(s® +0f)) + pa(s? + 03,)].

ts = prp2k(k +1)(pCh, +1)* (s> + of;) (s> + 03;). Upon
substituting (52) in (49), we observe that it is mathematically
intractable to obtain the closed-form expression of the ergodic
rate for D; over a Rician fading channel. Thus, we use
Jensen’s inequality, a fundamental upper bound on the ergodic
rate of the CU and the first-order Taylor series approximation
as given in [31] and [32] to obtain the approximate achievable
rate of D as

Eflog(1 +v1,p,)] < log(1 +E[v1,p,])
Ela|hi]*P] )
~log |1+
g( E[C%lp—i—|f11|2P1—|—|f21|2P2+02]

dr. (49)

e < 0

(53)

After taking expectation, the ergodic rate Rp, simplifies to

ap(s? + o2
Rp,~log a Dl)

1+ .
( CBp+ (s> +0t)p + (52 +03))p2 + 1)
(54)

Special Case: Substituting s = 0 in (1), the PDF of
|Y'|? follows central chi-square with 2 DoF and further. Using
this fact in (51) and after mathematical manipulations, (51)
can be simplified to

r<p<%1+1>}

2
apo
PoD,

(apo, )2 exp {
1 _

Fr(r) = (55)

(apot, + rpe03,)(apod, +rpiot;)
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2 2
. = . apo apo
To derive R p, using (55), we assume § = A= L,
9 P20, P11y
pCp, +1 S .
and pu = ap;% . Substituting the expressions of §, A, and u

in (55), and b}lf plugging the resultant expression into (49),
Rp, becomes

Rp, (56)

1 > oA _
= — e "Hdr.
In2 /0 G+ A+r) (A +7r)
We will now evaluate (56) for the following two cases:
i) 6 and A\ are equal to 1: By applying [29, (3.353.2)], the
closed-form expression for (56) can be obtained as
R 1 — p— p? " Ei(—p)
b 2In2 '

ii)  and \ are not equal to 1: Rp, in (56) can be evaluated
by utilizing the partial fraction decomposition method. Further,
the closed-form expression after applying [29, (3.352.4)] can
be obtained as

(57)

= 6\ M Ei(—du) M Ei(—Apu)
Dl‘hﬂ(‘ua)ucs)‘(ax)(lw

~_ e'Ei(—p)

(A—l)(&—l)) | o9

The ergodic rate of transmission from the BS to the far user
Dy can be obtained by substituting K = Dy and T = 73 p,
in (48), where 3 p, is given in (6). The CDF of T by
following the similar approach as given in (50) and (51), can
be expressed as

o 00 %
FT(T) = /0 pl.f22|2 (U))/O p\f12\2 (’U)/O p|h2|2 (u) dudv dw’
(59)
where V = r(P(} +vP +wPy+0%)((1—a(l+7))P)~"
On solving these integrals in (59), the closed-form expression
is obtained as

s

r) = = 6705;2 (_1)k 0 i T
FT()_I;J F(k+2)Lk<02 )T

D>

X <(1 — _rra)p0%2>k+1 [5(7’) —€ <r—l_aa>} . (60)

where T =11 + 5 + {3, with {; = (pCh, + 1)k+1,

by = (k+1)(pCh, + 1) [pr(s* + 071) + pa(s® + 03,)]

ty = p1pak(k +1)(pCh, + 1) (s* + o)) (s* +03;), and
e(+) represents the unit step function. By applying Jensen’s
inequality and the first-order Taylor series approximation as
discussed and applied in (53), the approximate expression of
the ergodic rate for Dy can be expressed as (61), as shown at
the bottom of the next page.

Remark 3: The average achievable rate in the DL scenario
is sensitive to the variance of the interference channel caused
by the BS signal reflected via the target and by co-channel
signals from UL users (i.e., transmit SNRs), and it is inversely
proportional to these parameters.

Special Case: By substituting s = 0 in (59), Fy(r) can be
expressed as

r(pChH, +1)

((1— a— ra)pod,)?
(1 —a—ra)pof, +1p203,

2
apo
P Dy

F’r(?”) =1-
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S AU Gy
c(r)—e|r— .
(1 —a—ra)pop, +rpioi, !

(62)

Substituting (62) in (49), we numerically evaluate the ergodic
rate EDQ, the results of which are discussed in Section VI.

2) Uplink Transmission: In the presence of a target, the
ergodic rate achieved by the far user Us in the UL transmission
phase can be obtained by substituting k = U and T = 7y,
in (48), where 7 17, is given in (8). From (8) and by following
the similar approach as discussed in Section III-B.1, the CDF
of T can be expressed as

%) X
Fe)= [ p,00) [ el dude. (6)
0 0

where X = r(Pi(f, + Pall, + Prv + o?)P, . On solving
the integrals in (63), we get

[} 2 k+1
o3 (—1)k 0 52 r
Fy(r)y=» e "o ———— L, | - A
,; L(k+2)"" \og, /\ pact,

(64)

where 7 = iy +ip, with iy = ¥ and iy = (k+1)6F9?p(s*+
4s%0% + 20%). The approximate ergodic rate Ry, of user
U, after following a similar approach as in (53) can be written

as
p2(s* + oy,

PzC%Q + plﬁfh +n?p(s? +4s%0% + 208) + 1)

(65)

Ru, zlog(l +

Special Case: For the Rayleigh fading case, where s = 0,
on solving the integration in (63) by utilizing [29, (3.322.2)],
we obtain the CDF expression as given by

2
r P207;.
Fy(r)zl—exp{— €2 1 524}
P20y, PN 0g
1 [mpaog, 1 |p20,
952 2 © 2 2 (66)
o rpn 205\ PN

On substituting (66) into (49) and utilizing the Gauss-Laguerre
quadrature method to obtain the ergodic rate Ry,, we get

= by € po 07
Ry, = g eXp [— 4 Us b ]
2 q; 4 P2 0%2 4bgpn?od 4
1 TPao? 1 o?
— P2 gz erfc | -— P2 U22 , (67)
205\ bgpm 205 \| bgpn

where b, represents the nth roots of the Laguerre polynomial
L, (b) [29], and 1), denotes the weights which are given by
b
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to derive the ergodic rates in the absence of a target, which
provides some insights about the achievable rate performance.
However, in the DL scenario, the analysis in the absence of the
sensing-to-communication interference channels is straightfor-
ward from (55) by substituting (j,%l = 0. Thus, for the UL
case, when the target is absent, i.e., n =0, ¢, =0, ¢, =0,

the ergodic rate is given by f{U2 =E [log (1 + %gflz) .

With this, the CDF becomes Fy(r) = 1 — exp |[——2—|,

920%2
substituting into (49) and solving the integral using
[29, (3.352.4)], the ergodic rate expression becomes

~ 1 1 1
Ry, = ———=exp [2} Ei (— 5 ) . (68)
In2 P20, P20,

In the presence of a target, the ergodic rate achieved by the
near user U; in the UL transmission phase can be obtained
by substituting £ = U; and T = 7, ¢, in (48), where vy, is
given in (7). From (7) and by following the similar approach
as discussed in Section III-B.1, the CDF of Y is expressed as

© (—1)F s2 r bl
Fy(r)=Y e "1 ————L7 ()( ) T, (69)
1;) T(k+2) *\o? J\piod,
where f = AZ:1 -+ 72 —+ AZ'/g, with AZ:1 = £k+1, ;2 =

(k+1)§k [772,0(54 + 452U§ + 2045) + pa(s? + O’%]Q)], andgg =
n2pp2k(k+1)E8 1 (s* +4s%0% 4208 (s + 0, ). The approx-
imate ergodic rate Ry, of the near user U, after following a
similar approach as in (53) can be obtained as

pi(s* + o)
£ 7

where £ = (s* + oy, + (7, )p2 + (B, p1 + 0P p(s* + 4s%0% +
20%) + 1.

Remark 4: The ergodic rate in the UL scenario is inversely
proportional to the quadratic variance of the effective cascaded
channel (target echo), the downlink transmit SNR of the BS,
and the target scattering coefficient.

Special Case: For the Rayleigh fading channel, substituting
s = 0 in (63), the CDF of T can be written as

Ry, =~ log (1 + (70)

2 2
P10 T™P10
Fr(r)=1- 5= 2 & p) gl
2as(plaU1 + rpgaUz) rpm
2 2
re  po 1 [peo
X exp { S I 514} 52 léz .
p1og,  Arpnlod a% \ rpn
Upon substituting (71) into (49) and utilizing the

Gauss-Laguerre quadrature method, the ergodic rate Ry, in
the presence of the target can be obtained as

n 2
g = m Furthermore, in the UL scenario, since Ry, = Z bgexp |- be § P10y, + b,
R . .. . 2 4b 254
the target echo is received at the BS, it is more meaningful =1 P19y, a1 05
_ (1 - a)p(s? + 03 )
Rp, ~log [ 1+ 2 . 61)
o2 g( ((als? +0,) +Ch,)p+ (s + 0%y)p1 + (52 + 035)p2 + 1
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2 Tp10E
PN T 1 [p20f,
X 952 5 5 syerfe | o5 b2 (72)
o5(progy, + bgp2oy,) o5\ bgpn

As discussed for the case of the far user in the UL
scenario over the Rayleigh fading channel, we also discuss
the achievable ergodic rate for the near user when the target
is absent. The ergodic rate can be expressed as Ry, =

e Jlog (1+ i) | Tm:CDFofx~_]5%%;%ﬁ(mn

2[2 Py+o02
. o Plaul
be obtained as Fy(r) = 1 — oT Trpach, P |~
Further, substituting 7 = Ul and ¢ = —-— in the obtained

CDF and plugging the expressmn into (49) 'the ergodlc rate

can be written as RU1 an fo m #dr. For

7 =1 and using [29, (3.353.3)], the final expression is given

by

pe? Ei(—
In2

For the case of 7 # 1, with the help of partial fraction
decomposition and by utilizing [29, (3.352.4)], the ergodic
rate simplifies to

v)+1

Ry, = (73)

T

Ry, = ————
YT (r = Dn2

[—e?Ei(—p) — e"PEi(—T¢)] . (74)

IV. SENSING PERFORMANCE ANALYSIS

In this section, we evaluate the sensing performance of
the NOMA-assisted ISAC system by focusing on the target
detection problem. In Section III, we derived the performance
metrics of CUs. Here, we gain insights by observing the
performance tradeoff between communication and sensing
functionalities by deriving and analyzing the probability of
detection (Pp) and false alarm (Pr). In our system, the BS
receives signals from UL CUs and the sensing echo. As a
result, during the decoding of the UL user’s information signal,
the target echo acts as an interference, and during the target
detection, the UL users’ signals act as interference. Therefore,
the detection of a single static target can be formulated as
a binary hypothesis testing problem in the context of an
ISAC system. Specifically, Hy denotes the null hypothesis,
representing the presence of noise and interference from
UL users without a target, while H; denotes the alternative
hypothesis, indicating the presence of a target along with noise
and interference from UL CUs. The received signals at the BS
under these two hypotheses are given by

Ho:7ps =(g1+Buy)s1 + (92 +Pu,)se + 2,
UL near CU interference UL far CU interference AWGN
(75)
Hi:rgs nhx +(g1 + Pu, )s1 + (g2 + Pu,)s2 + 2.
~~~
Target echo
(76)

We assume that the BS has perfect knowledge of the channel
state information (CSI), signal power, and noise variance. Fur-
ther, we use the Neyman-Pearson (NP) criterion to distinguish
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between the hypotheses Hg and H;. The NP detector [34] is
expressed by following condition

Ha
L ) )
p(rssHo) #,
where o is a certain threshold, p(r,.|H1) and p(r,s|Ho)
denote the conditional PDFs of r,, given H; and Ho,
respectively, and A(r ) represents the likelihood ratio. Since
T ¢ 1S @ complex Gaussian distributed RV under both H, and
'H1, the conditional PDFs can be respectively expressed as

A(rps) =

_ rsl?

p(rss|Ho) = ﬂ'Var(Ho)eXp ( Var(Ho)> ’ (78)
_ 1 rps

P(rss M) = ﬂ'Var(Hl)eXp (_Var(H1)> ’ (79

where Var(Hy) = (UU1 + CUl)Pl + (o—U2 + ¢35, ) P2 + 0% and
Var(H,) = (UUI+CU )P+ (0f, +CE, ) Pa+n? PVar(h)+ 02,
denote the variances of rgg under Hg and Hi, respectlvely,
with Var(h) = 8s%0% + 5250 + 80s%0% + 200. The NP
detector in (77) decides H if the below condition is satisfied

Irosl® >0, (80)

where

g:

Var(Ho)Var(H1) Var(H;)
Var(H;) — Var(Ho) In (Var(Ho) 9)

For the detector in (77), the probability of false alarm Pr =

Pr(|r,5|*> > 0|Ho) and the probability of detection Pp =
Pr(lrys|*> > 0|H1). The received signal power at the BS,
|7, |%, follows a non-central chi-square distribution having 3

DoF under Hy and 4 DoF under H; [35]. Therefore, the Pr
can be derived by using the CDF of a non-central chi-square
distribution with 3 DoF, as given by

S 20
PF = 1 — PI‘(|7‘BS|2 < §|H0) - Q% (\/;a \/E) ) (81)

where 51 = 2((|gl |2 + 412]1 )Pl + (|gg|2 + <[2]2)P2) Further, the
probability of detection can be derived by again using the CDF
of a non-central chi-square distribution with 4 DoF, given as

o (5E).

where Sy = 2((|g91]* + ¢Z, ) P1 + (lg21* + ¢Z, ) P2 + 0| h[*P).

Remark 5: In (82), Pp is a function of the UL CUs transmit
powers P; and P, and the DL transmit power P, thereby
highlighting the trade-off between target detection accuracy
and CU performance in the proposed NOMA-assisted ISAC
system.

Pp=1-"Pr(r BS| < olH1) =

V. UPLINK POWER OPTIMIZATION

In this section, we design a communication-centric max-min
power allocation optimization problem while also ensuring
a minimum constraint on the radar target detection. This
is mainly to integrate the target sensing capability into the
communication-centric design, aiming to enhance fairness and
ensure consistent quality-of-service for UL users. Thus, the
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trade-off between communication and sensing functionalities
exists as the target echo acts as an interference to UL CUs
at the BS and vice versa. In practice, in the UL scenario,
the CUs transmit with full power to maximize their data
rate. As a result, the UL CUs have different achievable rates.
Assuming that the instantaneous CSI is known at the BS,
the instantaneous rates of the two UL users U; and U, are
respectively given by

|91|2.01
Ri=log <1—|— , (83)
(lg2|? + CG,)p2 + GG o1 +121h)2p + 1
m@@+2 Ul ). (84)
Corp1 + o2 02 h2p + 1

A. Max-Min Power Allocation

In this subsection, we investigate the performance of the
max-min power allocation strategy, such that the UL CUs
achieve an optimal rate. Given the exponential growth in the
number of connected devices, improving the achievable rate
by increasing the transmit power is not a suitable solution
due to economic and environmental concerns. It also increases
interference to the DL CUs (co-channel) and at the BS affects
the target detection, thus, degrading the overall system perfor-
mance. Therefore, the motivation for choosing the max-min
scheme is to create fairness in the achievable rate among the
UL CUs while maintaining overall system performance. This
scheme aims to maximize the performance of the unfortunate
user, thereby ensuring user fairness. This can be achieved by
maximizing the minimum rate, which, in turn, also implies
maximization of the minimum of the two SINRs ~; 7, and
Y2,u, as given in (7) and (8), respectively.

This problem formulation can be achieved by using the
epigraph form of optimization such that the SINRs i,
and oy, are greater than ,ux, where <,,x denotes an
auxiliary variable. Thus, the modified objective function aims
to maximize the auxiliary variable over the transmit powers
P, and P, of users U; and Us, respectively. The max-min
power allocation optimization problem can be formulated as

max
Py, Py

s.t. Y1,U15 V2,Us Z Yaux
ngl,PQ SPmax
Vr 2V,

’YEUX

(85)

where P, .y represents the maximum power budget of the UL
CUs, ¥ is the sensing target SINR threshold, and the sensing
target SINR, ~,., at the BS is given by

- n*|h[>P
(P + )P+ (g2l + CE,) P + 07

(86)

We notice that the objective function subject to the constraints
in (85) is linear, and thus, it can be numerically solved by using
CVX [36], [37].
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B. Jain’s Fairness Index

The Jain’s fairness index measures the equality of user
power allocation, and for a two-user case, it is given by
2
J= M . 87
2(Rf + R3)
If R; = Ro, it means that both the users achieve the same rate
and thus, for the max-min power allocation scheme, J = 1.
When the users transmit with their maximum available power,
the disparity between them increases, eventually decreasing
the fairness, which indicates that the power allocation scheme
is not optimal and, thus, J < 1.

VI. RESULTS AND DISCUSSION

In this section, we discuss the numerical results for the
derived analytical expressions of the given system. We con-
sider the system parameters as n = 0.9, a = 0.2, v = 2,
0'2 = 1, C%l = C[QJI = 0.02 for i = 1, 2, dU2 = dD2 = d22 =
160 m, dUl = le = d11 = 80 m and ds = dT = dgl =
d12 = 120 m. Unless stated otherwise, the values of the system
parameters remain unchanged for all the results. We have
thoroughly verified all the analytical results through Monte-
Carlo simulations.

A. Communication Performance Metrics

1) Outage Probabilities of Dy and D»: In Fig. 2, we have
analyzed the performance of OP as a function of the transmit
power P at the BS for the DL CUs D; and Dy with UL user
powers P, = 10 dB and P, = 0.2P;. The UL CUs powers
are intentionally kept low to minimize their interference with
the DL CUs. We observe that for any fixed value of P,
the probability that the system is experiencing an outage
for a Rician channel is significantly lower than that for the
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Fig. 4. OP of UL CUs versus P;.

Rayleigh channel. The exact match between the analytical
and simulation results determines the accuracy of our derived
analytical expressions as given in (10), (17), (19) and (23).
We infer that as the values of m; and ms, i.e., the LoS
component, increase, the outage performance improves, which
is as expected. Moreover, in DL NOMA, the strong user (i.e.,
the near user) is affected more by the interferences, indicating
poor performance as compared to the weak user (far user).
We have also shown the asymptotic behaviour of the OPs for
higher transmit power, (y; p, — oo)fori € {1,2}, in the
same figure. It can be observed from Fig. 2 that the derived
analytical expressions and the asymptotic results match exactly
in the high transmit power regime. Further, we have also
considered a scenario where the near user is unable to perform
perfect SIC, with a residual error of 0.03. In this case, the
near user’s performance degrades marginally compared to the
perfect SIC case, while the far user’s performance remains
unaffected, since SIC is applied only at the near user. More-
over, we compare the proposed NOMA-aided system with its
OMA-based counterpart, where it can be clearly observed that
the OP for both D; and D, is significantly better with the
NOMA scheme.

2) Effect of Varying Power Allocation Coefficient: In Fig. 3,
we have compared the OP of DL CUs with respect to P
for different values of power allocation coefficients o = 0.1,
a = 0.2, and @ = 0.3 and for the Rician fading scenario.
For fixed values of P, = 10 dB and P>, = 0.2P;, we observe
that as « (near user power allocation coefficient) increases,
the power allocated to the far user decreases and thus, for
a particular value of SNR, the probability that user Dy is
in outage increases, whereas, it improves for D;. The same
observations can be inferred for a Rayleigh fading channel.

3) Outage Probability of Uy and Usy: Fig. 4 shows the OP
of UL CUs against the transmit power of U;. In UL NOMA,
the effect of interferences on the weak user is higher than that
on the strong user. Although the BS removes the near user
symbol using SIC, the far user has a lower transmit power and
poor channel condition compared to the near user. Therefore,
we observe that the performance of the near user U; is better
than that of the far user Us. This observation is in contrast
to the DL scenario since the order of decoding symbols is
different from that of the UL case. Using approximations in
the derived analytical expressions, the numerical results of
these expressions closely follow the simulation results over the
Rician fading channel, whereas for the Rayleigh fading case,
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the analytical and simulation results exactly match. In addition,
we have presented the asymptotic OP results for the high
transmit power regime, vy; y, — 00, for ¢ € {1,2}. As shown
in Fig. 4, the derived OP expressions closely match with the
simulation results at lower transmit power levels and converge
exactly to the asymptotic expressions as the transmit power
increases. Additionally, we compare the NOMA-based system
with the OMA-based system. It can be observed that the
OP of U, is worse in the OMA-based system, whereas it
is significantly better when employing the NOMA scheme.
As expected, the OMA scheme performs better for the near
user as compared to the far user.

4) Ergodic Rate of DL CUs: Figs. 5 and 6 depict the ergodic
rate as a function of the transmit power P at the BS for DL
CUs D; and Do, respectively, with means m; = 0.75 and
mgo = 1. We assume that the UL users transmit with powers
P, =0dB and P, = 0.4 P;. We observe that the ergodic
rates of NOMA for a Rician channel perform better than the
Rayleigh channel for all three scenarios: (i) in the presence
of interferences from the UL CUs and a target, (ii) in the
presence of interferences from the UL CUs only, and (iii) in
the absence of a target and interferences (conventional DL
NOMA transmissions without interferences). It can be inferred
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that if the transmit power at the BS increases, both DL users’
achievable rates will improve. Moreover, as expected, the
ergodic rate of the system improves significantly for the near
user D1 in the absence of a target, and further improvement
occurs when the UL CUs are not considered as interferences.
Meanwhile, for the far user Do, the effect of the interferences
and target does not impact much on the rate performance in
the high SNR region. Finally, the achievable rate performance
of the near user D; is much higher than that of the far
user Dy in the DL scenario, as the SIC is applied at the
near user. However, under imperfect SIC with a residual error
factor of 0.03, the ergodic rate of the near user is reduced
compared to the perfect SIC scenario. In addition, we compare
the performance of the proposed NOMA-based system with
that of an OMA-based system. It is observed that, in the
DL, the near user consistently achieves better performance
under NOMA compared to OMA. However, for the far user,
NOMA outperforms OMA at lower transmit power levels,
whereas OMA yields better performance when the transmit
power is high. This occurs because, in NOMA, increasing the
transmit power enhances both the desired signal and the inter-
user interference. In contrast, in OMA, the use of orthogonal
resource allocation ensures that only the desired signal power
of the far user is enhanced.

5) Ergodic Rate of UL CUs: The ergodic rates of U; and
U; as a function of CU U; power P; are shown in
Figs. 7 and 8, respectively. In Fig. 7, for P = 10 dB,
we observe that even though the achievable rate of
U, increases in the absence of a target, the performance for
a Rayleigh channel is better than the Rician channel. This
is because, for the Rician faded environment, the channel
conditions are better for both the users interfering with each
other at the BS. Moreover, in the UL scenario, the near user
is decoded against interference from the far user.

In contrast, Fig. 8 with P = 0 dB, the ergodic rate
performance achieves a significant improvement for the Rician
fading channel compared to the Rayleigh fading channel.
In the presence of a target, for a given communication-to-
sensing decoding order in the UL scenario of NOMA-assisted
ISAC, the information of UL CUs is decoded against the sens-
ing interference. Therefore, the communication performance
degrades, and thus, the ergodic rate decreases. Furthermore,
increasing the transmit power at the BS to enhance DL
data rates and sensing performance leads to stronger sensing
echoes. These echoes, in turn, introduce more interference at
the BS, thereby reducing the achievable rates for the UL CUs.
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We notice that if the target is close to the BS, the interference
caused by the target also increases, resulting in poor ergodic
rates for UL CUs. Since SIC is applied at the BS to decode the
information of the CU U,, we observe that the ergodic rate of
Us is better than U; for the UL NOMA scenario in the absence
of a target. In addition, it is observed that for both UL CUs,
the NOMA-based system outperforms the OMA-based system
in terms of achievable rates even in the presence of target echo
interference. From Figs. 7 and 8, it can be observed that due to
Jensen’s inequality and first-order Taylor series approximation,
the approximate achievable rate causes a slight deviation in the
analytical results compared to the simulation results.

6) UL Power Optimization: The instantaneous rate of the
UL CUs vs Py ax values is shown in Fig. 9. For the random
power allocation (RPA), we assume P} = Py, and P =
0.4P;. We observe that the rate of both the UL CUs increases
as the transmit power P of the BS decreases. The exact
match of the rates of both the CUs for the max-min power
allocation strategy proves that we have accurately solved
this optimization problem using CVX. Further, increasing the
SINR target threshold ¥ for the max-min power allocation
significantly decreases the rate of the UL CUs. This effect,
however, is not observed in the RPA case, as the rates with
the RPA scheme for different values of ¥ remain the same.

7) Jain’s Fairness Index: Fig. 10 shows the Jain’s fairness
index for different values of P, ... For the RPA scheme,
we assume P; = Py, and P, = 0.4P;. We observe that
irrespective of the target SINR threshold ¥ and transmit power
P of the BS, the fairness index for the max-min power alloca-
tion is always 1, indicating the maximum fairness among the
near and far CUs in the UL scenario. Also, the fairness index
decreases as P increases. This is because the performance of
the DL devices increases while simultaneously improving the
sensing performance of the system. For example, from Fig. 10,
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Fig. 11. Detection probability Pp versus P.
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for the RPA scheme when P = 30 dB, the fairness index is
the least compared to the lesser transmit powers of the BS.
Also, it can be observed that ¥ does not have any effect on
the fairness index of the UL CUs as long as P remains the
same; however, the rate decreases with increasing W. These
observations can be verified from Fig. 10 for ¥ = 0.1 and
5 with P = 20 dB.

B. Sensing Performance Metrics

1) Target Detection Probability: The probability of target
detection against the transmit power P of the BS is illustrated
in Fig. 11. Assuming P, = 0 dB and P, = 0.4P;, the
probability of detecting the target in a Rician fading scenario
is shown in the figure and compared with that of the Rayleigh
fading environment. Due to the presence of the LoS com-
ponent in the Rician channel, we observe higher detection
probability can be achieved at lower values of P. At P =
20 dB, Pp for a Rician fading channel with m; = 0.3 and
mg = 0.5 is more than three times that of a Rayleigh channel.
The exact match between analysis and simulation verifies our
theoretical derivation of Pr and Pp as shown in (81) and (82),
respectively. Also, an increase in the value of m and mo will
lead to a higher detection probability, indicating a better and
improved sensing performance of the system.

2) Receiver Operating Characteristics: In Fig. 12, we have
shown the probability of detection Pp versus the false alarm
probability Pr for different values of Py, P», and P. It is
also referred to as the receiver operating characteristic (ROC),
which analyzes the sensing performance of the system. For
threshold ¢ = 0, the NP detector always determines H; and
thus, Pp = Pr = 1. As the value of p increases, both Pp
and Pr decrease. These observations have been shown for
both Rician and Rayleigh fading channels. It can be inferred
that if the power at the BS increases from P = 10 dB
to P = 30 dB, then for a fixed value of Pr = 0.2 and
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Rayleigh fading scenario, the detection probability increases
from 0.56 to 0.72. This indicates that the sensing performance
of the system increases as the transmit power of the BS
increases. We also observe that for a fixed P = 10 dB
and Pr = 0.2, the detection probability decreases when the
transmit power of the UL CUs increases. We observe that
as the transmit power of the BS increases, a higher AUC is
achieved, and simultaneously, the communication performance
of the system for the DL CUs improves. When the UL
CUs transmit with a higher power, the sensing performance
degrades as a lower AUC is obtained. Also, the interference
caused by these UL devices on the DL users will degrade the
communication performance of the DL CUs.

VII. CONCLUSION

This paper derived the analytical framework considering
DL and UL communication users together in the presence
of a radar target and interferences for a realistic and prac-
tical Rician fading channel. Specifically, we derived the
closed-form expressions of the outage probabilities for both
the near and far users in the DL and UL scenarios. Also, the
asymptotic expressions have been derived and provide insights
into the OPs’ saturation levels. We observed that obtaining
the closed-form expressions of the ergodic rates through
the derived CDF expressions is mathematically intractable.
Therefore, the approximate expressions of the achievable rates
have been obtained, and we observed that these analytical
expressions closely follow the Monte-Carlo simulations. The
detection and false-alarm probabilities have been derived for
our system, and the ROC were employed to illustrate the per-
formance of the target detector. Furthermore, to achieve user
fairness, the max-min power allocation optimization problem
has been utilized for the UL scenario under a service con-
straint for the radar. We investigated the performance tradeoff
between communication and sensing functionalities through
the derived analytical and numerical results while simultane-
ously demonstrating NOMA as a potential candidate for an
ISAC system as compared to the OMA scheme. A thorough
performance analysis comparison has been presented between
the Rician and Rayleigh fading environments. In general,
deriving closed-form expressions for the performance metrics
to gain insights into the proposed wireless system is more
challenging for the uplink communication users than for the
downlink case, mainly due to the involvement of the target
echo received at the base station.
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